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Analytical approach to the drift of the tips of spiral waves in the complex
Ginzburg-Landau equation
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In this paper, we investigate the motion of spiral waves in the complex Ginzburg-Landau edG&5ibE)
analytically and numerically. We find that the tip of the spiral wave drifts primarily in the direction of the
electric field and there is a smaller component of the drift that is perpendicular to the field when a uniform field
is applied to the system. The velocity of the tip is uniform and its component along the electric field is equal
to the strength of the field. When the CGLE system is driven by white noise, a diffusion law for the vortex core
of the spiral wave is derived at long time explicitly. The diffusion constant is found 1 $&/C?, in which
T is the noise strength and is the core asymptotic factor of the spiral wave. When the external force is a
simple oscillation we find that the tip of the spiral wave drifts if the frequency of the external force is the same
as that of the system. Our analytical results are verified using numerical simulations.
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[. INTRODUCTION pare our analytical results with corresponding numerical
simulations.

Spiral waves are significant patterns that are ubiquitous in This paper is organized as follows: An analytical expres-
many systems of physics, chemistry, materials, and biologﬁion for the velocity of the spiral tip of CGLE is derived for
[1]. They occur in the reaction-diffusion media], certain & general exterr_1a| perturbation in Sgc._ll. When. a uniform
regions of fluid flows[3], the CO oxidation on platinum external vector fieldsuch as an electric fields applied, the
surfaces[4], the aggregating slime-mold cdl5], and the ~Mmotion of the spiral tip is investigated analytically in Sec. II.
contraction of heart muscld$]. Meandering and drifting The c_orrespondmg _numerlcal S|mulat_|0n is also ex_ecuted to
spirals have been observed experimentally, for instance, ifx@mine our analytical results. We find that the tip of the
the Belousov-Zhabotinsk{BZ) reaction[7—10), the oxida- spwal wave dnfts primarily in the direction of the .electnc_
tion of carbon monoxide on platinum surfad@d], and dur- field, but there is also a small component of the drift that is
ing fibrillations in cardiac tissugl2]. The center of the spiral perpend|cular to thg field, Wh!Ch agrees 'weII with .observa-
wave is observed to drift in the BZ reaction when a uniformtlons[la]' The velocity of the tlp of the spiral waveis equa_l

L L . . to the strength of the external field and the motion of the tip
electric field is applied in the reaction di$h3]. In order to

h insiaht i h . f spiral he drift fis along a straight line with uniform velocity. In Sec. 1V,
ave an insight into the motion of spiral waves, the driit of ;. the analytical results of Sec. II, the behavior of the tip

spiral waves has been studied theoretically in many differengy o spiral wave is explored when there is a weak additive

systems[14-21]. However, to the best of our knowledge, proadhand noise in the CGLE system and a diffusion law for

almost all published studies are based on numerical simulane tip of the spiral wave at long times is derived analytically.

tions, to date, there have been no analytical investigations is found that the diffusion constant is proportional to the

Due to this lack of analytical study, some observations ohoise strength and inversely proportional to the square of the

spiral waves, such as the component of the spiral wave driftore asymptotic factor of the spiral wave. In Sec. V, the

that is perpendicular to the field when an electric field ismotion of the tip of a spiral wave is studied in the case of a

applied to an oscillatory reaction-diffusion systgh3], have  periodic force being applied in the CGLE system. We find

not been fully understood. that the tip of the spiral wave drifts if the frequency of the
Recently, a velocity formula for the spiral wave in a driving force is equal to that of the CGLE system. Finally, a

reaction-diffusion system was derived in a paper under theummary and a closing remark are given in Sec. VI.

nondeformation approximation of the spiral wave c28].

We develop this study for the complex Ginzburg-Landau Il. VELOCITY OF THE SPIRAL WAVE TIP

equation(CGLE) in this paper, which describes a vast vari- ) o

ety of phenomena from nonlinear chemical wave to second- It is well known that the usual CGLE is given §g3]

order phase transitions, from superconductivity, superfluidity,

and Bose-Einstein condensation to liquid crysfal23—24. dA=A+(1+ib)VZA—(1+ic)|AJ?A, 1)

In the oscillatory regime, sufficiently close to the onset of

oscillation, the dynamics of the BZ reaction are modeledwhereA=A;+iA, is a complex function of tim¢and space

by the CGLE[24]. In this paper, the motion of spiral waves (X,y), the real parameters and c characterize linear and

is investigated in the presence of an external force, noise, ambnlinear dispersion and? stands for the Laplacian opera-

time-dependent periodic background. After deriving antor. Spiral waves are observediif~ c. A single-armed spiral

analytical expression for the velocity for each case we comwave solution to Eq(1) is given by[27]
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Ay(x,t)=F(r)exp{i[ o0+ ¥(r)— wt]}, (20  whereC is the constant in the limiE(r—0)=Cr, which
represents the rate of change of the spiral wave amplitude
in which r=|x—x,| and @ is the polar angle measured from with respect to the distance from the vortex core. We €all
the vortex core centered &§, ando=*1 is the topological the core asymptotic factor of the spiral wave.
charge of the spiral wave. Far away from the core solution

(2) approaches a plane wave with=+/1— ko2 and (r) [ll. MOTION OF SPIRAL WAVES IN THE PRESENCE
=Kqr, where the asymptotic wave numbgrdepends on the OF UNIFORM ELECTRIC FIELDS

parametersb andc. Thg real fun.ct|on§,(r) and y(r) have Following Ref.[14], a reaction-diffusion system applied
the following asymptotic behaviof: =y =r asr—0. in a uniform external field is modeled by the CGLE with an
When an arbitrary external perturbation influences theyqgitional term:
system, Eq(1) becomes as follows:
dA=A+(1+ib)V2A—(1+ic)|A|’A+E-VA. (7
FA=A+(1+ib)V?A—(1+ic)|A|?2A+T. ©)

The external field is chosen in the foreE=e (y+i45) for
The external perturbatioh=«+i8 may or may not be de- simplicity, wherey and & are two real constants. The exter-
pendent orA. For example, when an electric field is presentnal perturbation becomes
one had’=E- VA, whereE stands for the vector parameters
of the electric field 14]. Assuming thaf” induces a drift of ['=(ydA1= 00,Az) +i(ydAzt 09,A1). 8
the spiral wave tip with velocity/ (t) =e,V,(t) +&,V,(t), i ) ) .
ande[?, are two LFl)nit vectors g‘fén)g teth Xagx?s g‘r’]d”; ;XZX, Using Eqs.(6) and (8), we derive the drift velocity of the
respectively, we can rewrite E(8) in the comoving coodi- SPiral wave as follows:
nate system as

vV =y 5 (axAl)2+(&yA2)2
’ x— Y _ l
G A=A+ (1+ib)V' A—(1+ic)|A2A+V-V'A+T, IxA19yAs— IxPa0y Ay
4
Vo= s (t9><'°\1)2‘*‘(¢9y'°\2)2 ©
whereV' is the gradient operator in the comoving coordinate y xA10yA;— A0 AL

system.

We assume that the deformation of the spiral wave in thé\ote that the above formula is obtained under the condition
core is small enough to be neglected for sniallThen Eq.  that there is no deformation of the spiral wave. From the
(1) holds true in the comoving coordinate system. From Eqsasymptotic behavior of solutiof2) underr—0, we can de-

(1) and(4) we have rive the velocity of the spiral wave as follows:

VidlA+Vy A = a,  VydiAg+VydiAr= B, Vo=t Zi {14087 §(0)— wt]}.
g

SinceV' =V for homogeneous moation, the velociycan be

expressed as follows: é
Vy=%[1+c052(¢(0)—wt)]. (10
a&yAz_ BﬁyAl
x— Iy A10 A= 3 Agd AL We see that t_he velocity is proportional to the parameters of
the external field and depends on the terms cgfR{ wt).
_ If the external field is electric, then all the components of
adyAy— BaAL

Ww=- A3 A= D Pgd AL

(5) E are real14]. It is easy to see that the velocity is only along
the x axis and the magnitude of the velocity is equal to the

Making use of the spiral wave solutigh) and its asymptotic ;?;%Tgtlé%e EO f (t?)e nilfncérrliigllle ldv’viltﬁvi)ﬁ: T?Sgdg/sz t?a \é\lleo_
behavior, the velocity of the tip of the spiral wave can be ithms Calc?].lations were gone in a two-(fllimensionalgSSG
determined completely. A similar formula has been derived '

in the modified FitzHugh-Nagumo model and the corre—XSE,S,6 array with a “.”.‘e stept=.0.05. Von Neumann’s “no
sponding drift of the spiral wave studied in RE22]. flux boqndary condition Was_lmposed on the bounqlary of
Using the single-armed spiral wave solutié®) in the the medium. In the computation we used the following pa-
limi g _ ,g pire . : rameters:y=0.4 and =0 numerically. We used the values
Imit r_—>0, F=y ~r, we can write the velocity of the tip of b=—1.0 andc=0.5. The electric field was applied faxt
the spiral wave from Eq(5) in the form =800 after the spiral wave had formed. Our numerical simu-
1 lation showed that the tip of the spiral wave drifts primarily
VX:E[Q cog wt)— B sin(wt)], in the direction of the electric field. Figure 1 gives the orbit
of the tip of the spiral wave. We see that there is a smaller
1 component of the drift that is perpendicular to the electric
. field. It can be seen that the rate of theomponent drift to
Vy ZC[ asin(ot)+fcodwt)], ©® they-component drift is about 4.4%. The perpendicular drift
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FIG. 1. When a uniform electric field is applied, the trace of the  FIG. 3. Thex-component displacement of the spiral wave tip
spiral wave tip is a straight line. This figure is plotted with  depends on the strength of the electric field for a fixed timé\of
=-1.0,c=0.5, andy=0.4. The tip of the spiral wave drifts pri- =800. In this figure, the constanitsandc have the same values as
marily in the direction of the electric field, i.e., theaxis. There is  in Figs. 1 and 2. The strength of the electric field ranges from 0.02
also a smaller component of the drift that is perpendicular to thgo 0.4 with a step of 0.02. We determine the slope of the straight
field. The ratio of thex-component drift to the-component drift is  line to be 800. Using\t=800, we derive th&-component velocity
about 4.4%. to be equal to the strength of the electric field.

of the spiral wave tip has been observed in the BZ spiratreased. We calculated the slopes of the straight lines as
wave [13], but was not confirmed in previous theoretical —0.1,—0.3,—0.4 and found that the velocity of the spiral tip
investigation of the reaction-diffusion system in the oscilla-was equal to the electric field strength.
tory regime[14]. Figure 3 demonstrates the relationship between the
We simulated Eq(7) with b=—1.0,c=0.5, andé=0for ~ x-component displacement of the spiral wave tip and the
v=0.1, 0.3, 0.4 and applied the electric field fort=800  strength of the electric field for the fixed tintet=800. The
after a single-armed spiral wave had formed. Figure 2 showstrength of the electric field ranges from 0.02 to 0.4 with a
the x-component displacement of the tip of the spiral wavestep of 0.02. The constants {i@) were set ato=—1.0, c
vs time. It can be seen that the relationship between the-0.5, ands=0. We see that the relationship between the
displacement and time is linear. This means that the velocitx-component displacement and the electric field strength is
of the spiral tip is uniform for a fixed strength of the electric linear. In other words, th&-component displacement is pro-
field. The slope of the straight line is the velocity of the tip portional to the strength of the electric field. Since the veloc-
and increases when the strength of the electric field is inity of the spiral wave tip is uniform, which has been shown
in Fig. 2, it is also proportional to the strength of the electric
ggg field. This agrees with the conclusions obtained from the last
300 paragraph. The slope of the straight line in Fig. 3 is 800.
280 Using the definition of velocity, we can also conclude that
the x-component velocity of the spiral wave tip is equal to

260
240
the strength of the electric field.

220
200
180
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IV. RESPONSE OF SPIRAL WAVES TO ADDITIVE NOISE

External noise perturbations often appear in spiral waves
experiments. Aransost al. investigated spiral motion in a
noisy CGLE using a linear response assumpfib®]. They
showed that a spiral core driven by white noise has a finite
mobility and performs Brownian motion. In this section we
. , . T . T \ analytically investigate the motion of the tip of spiral waves
200 400 500 800 in the CGLE. The CGLE with weak additive broadband

Time t noise » can be expressed as

Position X of Tip

o -

FIG. 2. Thex-component displacement of the spiral wave tip . 5 . 2
varies with time when the uniform electric fields with strength A=A+ (1+ib)VZA—(1+ic)|A*A+ 7,
=0.1, 0.3, 0.4 are applied, respectively. We plot this graph With
=—1.0 andc=0.5. The corresponding-component velocities are in which 7 is generally a complex function of space coordi-
equal to the strength of the electric field, i.e., 0.1, 0.3, 0.4. nate and time.
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We consider the special case wheyie,t) takes the form

of weak, uncorrelated white noise with zero mean and corr- Vy= 5~ co§(w—Q)t—y(0)],
| 2C
elators,
V=20 Sinf (- Q)t—(0)] (15
(107, (X' 1)) =2T5,,8(x=x) 3(t=t"), (1D v=ac St Ol

where u andv specify real and imaginary parts ef andT  in which w is the angular frequency of the unperturbed spiral
characterizes the noise strength. Using the spiral wave soliwave andC is the core asymptotic factor defined in Sec. II.
tion (2) and its asymptotic behavior, we derive a velocity From Eq.(15), we see thaV, is dependent on the topologi-
expression for the tip of spiral waves in the form cal charger of the spiral wave. Generally, the tip of a spiral
wave oscillates in both the andy directions, in which the
1 oscillatory frequency is equal ®©— (). Equationg15) show
Sl mucodot) = 7,sif(wt)], that the amplitudes of the tip in both ttxeandy directions
are the same. Therefore, the spiral wave tip drifts along a
circle with radius

1
Vy=sgl = m,sinwt)+ 7,008 01)], (12 Re 0
-~ 2C(0—Q)’

Vy=

where w is the angular frequency of the unperturbed spiral.
wave. Because,, and », are random, it can be seen that the
spiral wave performs Brownian motion.

From the velocity(12), we determine the coordinates of
the spiral wave tip as follows:

in which the frequency of the time-dependent external force
must not be equal to that of the unperturbed spiral wave. We
find that the less the difference of the frequency, the larger
the radius of the circle.

If the frequency of the time-dependent external force is
equal to that of the unperturbed spiral wave in the CGLE,

1 [t - _
X:X(t:0)+ iJ [nlucoqw,r)_ UVSin(wT)]dT, l.e., 0= w, Eq (15) becomes
0
Vy =% cosy(0), Vy=——5= % sin #(0). (16)
1 [t )
y=y(t=0)+ EJO[_ 7uSiNw7)+ 7,08 w7)]d7. We find that the tip of the spiral wave drifts along a straight

line with uniform velocity when a time-dependent periodic
force is applied to the system. The direction of the straight
line is defined by the —0 asymptotic behavior of the phase
function (r) in the general expression of the spiral wave
solution(2). It is also dependent on the topological charge of

Using the white noise correlato(&1), we obtain a diffusion
law for the vortex core at long times:

(r3y=([x—x(t=0)1%+([y—y(t=0)]>)=Dt. (13)

In Eq. (13), the diffusion constant i®=T/C?, whereT is 190
the noise strength in Eq11) and C is the core asymptotic
factor that is defined in terms of the asymptotic behavior in
Sec. Il. It can be seen that our analytical re¢iiB) is exactly
the same as the conclusion in Ref6], but we determine the
diffusion constant completely analytically.

180

170

Coordinate Y of Tip

V. MOTION OF SPIRAL WAVES WITH A TIME- 1604

DEPENDENT PERIODIC EXTERNAL FORCE

When a time-dependent periodic external force is applied 10

to the CGLE system, its dynamics are governed by the fol-
lowing equation: 140

160 l 150 ' 2(I)0 I 2&0 ' 2;-0 . 2é0 ' 2é0 ' 3(I)0 l 3&0 ' 34I10 I 3&0 ' 3&0
GA=A+(1+ib)V2A—(1+ic)|A|2A+ 7 exp —iQb), Coodinate X of Tip »
0 (14) FIG. 4. When the frequency of an external periodic force ap-
plied to the system is equal to that of the unperturbed spiral wave,

) . o the tip of the spiral wave drifts accordingly. In this figutes=0,
where, is the amplitude of the periodic force afilstands  ¢=0.7, andz,=0.008. The unperturbed single-armed spiral wave
for its frequency. Using the general expression for the peris formed by making use of=1200. Then, the external force is
turbation drift velocity, Eq(5), we derive the velocity of the applied and remains foit=9000. The curve shows the trajectory
spiral wave tip driven by the time-dependent periodic exterof the tip of the spiral wave during the application of the time-
nal force as dependent periodical external force.
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the spiral wave. We see that the total velocity is proportionakystem. This agrees well with experimental observations
to the amplitude of the external force and inversely propor{13]. The spiral wave tip velocity in the direction of the
tional to the core asymptotic factor defined in Sec. II. electric field was equal to the strength of the field. The ve-
In order to verify our analytical result, we simulate Eq. locity that is perpendicular to the field is also uniform. A
(14) numerically withb=0 andc=0.7 in a 356<356 array. diffusion law is obtained if weak additive broadband noise
The time step is 0.05. The amplitude of the forag, is  exists in the system. The diffusion constant was determined
taken as 0.008. Using the approximation formi2d], to be proportional to the noise strength and inversely propor-
tional to the core asymptotic factor of the spiral wave. When
a periodic, time-dependent external force with frequency
equal to that of the unperturbed spiral wave is applied to the
CGLE system, the drift of the spiral wave appears.
It must be pointed out that in our analytical study, the
formation of the tip of the spiral wave is neglected and any
effects caused by the deformation of the spiral wave are not

. . . 8ncluded in this paper. The smaller component of the drift
externgl force is applied foﬁt=9000_. Figure 4 §hows the_ that is perpendicular to the uniform electric field may be due
numerical result of the trace of the drift of the spiral wave t|ptfo deformations of the spiral wave

in the case of the time-dependent periodic external force o
frequency(). It can be seen that, indeed, the spiral wave tip
drifts when the time-dependent periodic external force reso-
nates with the CGLE system.

w=c(1—k?), k=—c texp—m/2|c|)

for b=0 and|c|<1, we obtain the approximate frequency of
the unperturbed spiral wave as~0.6839382. The fre-

guency of the time-dependent periodic external force is fi-de
nally determined to b&)=0.6791382 by means of a nu-
merical test. After a single-armed spiral wave is formed, th
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